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Young diagrams

A partition X is a weakly-decreasing list of positive integers

(A1, A2, ..y Ak)
A1 > A2 > > N

of length k. Each A; is a part, and [A| =), A; is the size.
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Young diagrams

A partition X is a weakly-decreasing list of positive integers

(A1, A2, ..y Ak)
A1 > A2 > > N

of length k. Each A; is a part, and [A| =), A; is the size.
We represent a partition visually as a Young diagram whose row lengths
correspond with part sizes.

The Young diagram associated to partition A = (3,1) is

AN SRS I (I TS WS S BT BN I\ all Crossing Bijections and Representations  PRIMES-USA May 21, 2016 2 /14



Symmetric bipartitions
A bipartition is a 2-tuple of partitions
A=(ALN) = ((ML A2, (M,)3,..0)
with size
A= AT+ A%,

Bipartitions can be represented as 2-tuples of Young diagrams.
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Symmetric bipartitions
A bipartition is a 2-tuple of partitions
A=(ALN) = ((ML A2, (M,)3,..0)
with size
A= AT+ A%,

Bipartitions can be represented as 2-tuples of Young diagrams.

Definition

A bipartition is symmetric if A\t = \°.

The bipartition A = ((3,1),(3,1)) is a symmetric bipartition.

b
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Charged bipartitions

Definition

A I-charge is a I-tuple of integers s = (si,...,s/).
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Charged bipartitions

Definition

A I-charge is a I-tuple of integers s = (si,...,s/).

Definition

A 2-charge s = (s1, s2) is asymptotic for a given bipartition A if
|51 = 52| > |)\’

The charge s = (0,9) is asymptotic for the bipartition A = ((3,1),(3,1)).
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Charged bipartitions

Definition

A I-charge is a I-tuple of integers s = (s1,...,5/).

Definition

A 2-charge s = (s1, s2) is asymptotic for a given bipartition A if
|51 = 52| > |)\’

The charge s = (0,9) is asymptotic for the bipartition A = ((3,1), (3, 1)).

Definition

A charged bipartition is the data of a bipartition A and a 2-charge s,
written as |\, s).
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Finite-dimensionality

Charged bipartitions |\, s) naturally label irreducible representations
Les(A) of Hjype,s- We call |A;s) finite-dimensional if Le s()) is
finite-dimensional.
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Finite-dimensionality

Charged bipartitions |\, s) naturally label irreducible representations
Les(A) of Hjype,s- We call |A;s) finite-dimensional if Le s()) is
finite-dimensional.

Losev introduces wall crossing bijections to reduce the general problem of
classifying finite-dimensional charged bipartitions to the case of asymptotic
charge.

Let s, > s1 and suppose s = (s1, ) is asymptotic for bipartition \. Then
N2 #£ () = |\ s) not finite-dimensional.

The partition |(0, (3)), (0,4)) is not finite-dimensional.
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Wall crossing bijections

Jacon and Lecouvey have given a simple combinatorial rule for the
computation of wall crossing bijections.
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Wall crossing bijections

Jacon and Lecouvey have given a simple combinatorial rule for the
computation of wall crossing bijections.

Operator <D(°° )

51,52

Let s = (s1,52) be a 2-charge. The wall crossing bijection ¢(°_21 %)
© takes bipartitons to bipartitions.
@ preserves size.

© preserves finite-dimensionality.
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Wall crossing bijections

Jacon and Lecouvey have given a simple combinatorial rule for the
computation of wall crossing bijections.

Operator & _ )

Let s = (s1,52) be a 2-charge. The wall crossing bijection % )
© takes bipartitons to bipartitions.
@ preserves size.

© preserves finite-dimensionality.

Let A =((1),(2,1)) and s = (0,2), then &2 _(A) = (0, (2,1,1)).

| |
L1, L) >0,

V.
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®F5, 5, for asymptotic (s1, 52)

Consider a bipartition A and a 2-charge (s1,52). If s > |[A\| + 51 is
asymptotic, then ®2° )()\) =\

(s1,52
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®F5, 5, for asymptotic (s1, 52)

Consider a bipartition A and a 2-charge (s1,52). If s > |[A\| + 51 is
asymptotic, then ®2° )()\) =\

(s1,52

Let A =((3,1),(3,1)) and s = (0, 10).

) — _> Y

.
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(©.9]

©. s as composition of consecutive d)(sl?keﬁz)

Definition

Let e > 1 be an integer and s = (s, s2) a 2-charge. Define

e}
P 0 T e e e 0 DY 0 00
Oe,s = H <I>(51J<e+52) =0 <1>(51,Ne-&-52) 0 d>(51,e—|—52) © ¢(51,52)
k=0

AN SRS I (YL TS WS S ST EN I\ Vall Crossing Bijections and Representations  PRIMES-USA May 21, 2016 8 /14



(©.9]

©. s as composition of consecutive d)(sbkeﬂz)

Definition

Let e > 1 be an integer and s = (s1, s2) a 2-charge. Define

)
e oo T e e . oo DY oo 60
ee,s - H <I>(sl,ke—i-SQ) - © ¢(51,Ne+52) © © <I>(sl,e—I—sz) e ¢(s1,52)
k=0

Let A be a bipartition, e > 1 an integer, and s = (s1,s2) a 2-charge with
51 < 5.

Choose integer N so that charge s’ = (s1, Ne + s) is asymptotic for .
Then |©¢ s()),s’) is finite-dimensional if and only if |\, s) is
finite-dimensional.
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Main Question

|©es(A),s) is finite-dimensional if and only if X, s) is finite-dimensional.
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Main Question

|©es(A),s) is finite-dimensional if and only if X, s) is finite-dimensional.

Let n and e be positive even integers, and let s = (0, §). Choose N for
which s = (0, Ne + §) is asymptotic.

Problem
Does there exist a nonempty symmetric bipartition A such that the
charged bipartition

©e,s(A), s')

is finite-dimensional?
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Main Question

|©e,s(A), ) is finite-dimensional if and only if |),s) is finite-dimensional.

Let n and e be positive even integers, and let s = (0, §). Choose N for
which s = (0, Ne + §) is asymptotic.

Problem
Does there exist a nonempty symmetric bipartition A such that the
charged bipartition

|ee,5(>‘)a 5/>

is finite-dimensional?

No. In fact, the second component is always nonempty.
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|©e,s(A),s’) is not finite-dimensional for symmetric A and s = (0, §).

Let A =((3,1),(3,1)), e=2, and s = (0,1). Then

Oc,s(A) = PG 7) 0 P55) © Po3) © Po1y(A)
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|©e,s(A),s’) is not finite-dimensional for symmetric A and s = (0, §).

Let A =((3,1),(3,1)), e=2, and s = (0,1). Then

Oc,s(A) = PG 7) 0 P55) © Po3) © Po1y(A)

[ ] [ ]
I I R B B O
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|©e,s(A),s’) is not finite-dimensional for symmetric A and s = (0, §).

Let A =((3,1),(3,1)), e=2, and s = (0,1). Then

Oc,s(A) = PG 7) 0 P55) © Po3) © Po1y(A)

| ] | ]
L , L] —>D,7 — 0, L
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|©e,s(A),s’) is not finite-dimensional for symmetric A and s = (0, §).

Let A =((3,1),(3,1)), e=2, and s = (0,1). Then

Oc,s(A) = PG 7) 0 P55) © Po3) © Po1y(A)

L , L] —>D,7 — 0, L
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|©e,s(A),s’) is not finite-dimensional for symmetric A and s = (0, §).

Let A =((3,1),(3,1)), e=2, and s = (0,1). Then

Oc,s(A) = PG 7) 0 P55) © Po3) © Po1y(A)
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©2,01)(A!, A1) is not finite-dimensional

Thus \@2,(0,1)((3, 1),(3,1)),(0,1 4+ 2N)) for N > 0 is not
finite-dimensional.

[ ] [ ]
L , L —>D,7 — 0, L
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©2,0.1)(A1, A1) is not finite-dimensional

Example

Thus [0 (0,1)((3,1),(3,1)), (0,1 + 2N)) for N > 0 is not
finite-dimensional.

| ] | ] ||
L] , L —>D, - 0,

We have proved the conjecture in the case e = 2.

1©2,(0,1)(A), (0,1 + 2N)) for N > 0 is not finite-dimensional for symmetric
A
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©2,0.1)(A1, A1) is not finite-dimensional

Thus [0 (0,1)((3,1),(3,1)), (0,1 + 2N)) for N > 0 is not
finite-dimensional.

| ] | ] ||
L] , L —>D, - 0,

We have proved the conjecture in the case e = 2.

1©2,(0,1)(A), (0,1 + 2N)) for N > 0 is not finite-dimensional for symmetric
A

For asymptotic s,
/
|@2,(0,1)(()\7 A))a S > = ((Dv ()\1) >\la >\27 >\27 .. ))
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@2,(0,1) on A= ((4a 37 1)7 (4a 37 1))
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@2,(0,1) on A= ((4a 37 1)7 (4a 37 1))

ARSI I (Y I LTS WS S SIS BN Y\ Val| Crossing Bijections and Representations PRIMES-USA May 21, 2016 12 / 14



@2,(0,1) on A= ((4a 37 1)7 (4a 37 1))

L], [
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@2,(0,1) on \ = ((4a 37 1)7 (47 37 1))

D,i - 0, L
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Conjectures

Let A be symmetric and s = (0, §). The largest part of the second
component, A3, is invariant under O, s(\).
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Conjectures

Let A be symmetric and s = (0, §). The largest part of the second
component, A3, is invariant under O, s(\).

This conjecture will imply the original conjecture:

|©e,s(A),s’) is not finite-dimensional for symmetric A and s = (0, §).
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Conjectures

Let A be symmetric and s = (0, §). The largest part of the second
component, A3, is invariant under O, s(\).

This conjecture will imply the original conjecture:

|©e,s(A),s’) is not finite-dimensional for symmetric A and s = (0, §).

We have verified the conjecture via computer for |A\| < 50. We are working
toward a proof for general e.
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